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Mini lecture 5 10 14

Probability

Omega outcome spall

today discrete conthuous possible but more complicated

pi distribution

aka measure density PDF

some outcome
Axiom sum_xinOmegapileftxright1 will happen

Ex 1 OmegaleftHTright outcome of con flip

pi1nicefrac12nicefrac12 fair

untairpi2910110



Ex 2 OmegaleftHHHTTHTTright
pi3nicefrac14nicefrac1nicefrac14nicefrac14
pi4920nicefrac120nicefrac920nicefrac120
pi5nicefrac120nicefrac25nicefrac110

Random variable function of outcome X
anything that's determined by the outcome

Ex Y heads in Xpi3
Y012

Wip 141214

Special f v indicator of event
varepsilon

Subset
of outcomes

Omega

0 doesn't occur
Denoted by 1leftvarepsilonright

1 occurs



Conditional distribution

let xcdot have distribution pi

let
varepsilon be some set of outcomes

Conditional dist for all X inxi

pileftXxvarepsilonrightfracpileftxrightsum_xinvarepsilonpileftxrightPrleftvarepsilonright

notΣInterpretation re expanding the pie

Ex x outcome of dice roll

varepsilon even rolls

3
Prleftvarepsilonrightnicefrac12

45x12

61unicefrac13Y41416 16

pileftxrightnicefrac16pileftxvarepsilonright0 nicefrac130nicefrac130



Sanity check pileftXvarepsilonright is a distribution

Proof

sum_xinOmegapileftxvarepsilonright
sum_xinvarepsilonpileftxvarepsilonrightsum_xnotinvarepsilonpileftxvarepsilonright
sum_xinvarepsilonfracpileftxrightPrleftvarepsilonrightfracPrleftvarepsilonrightPrleftvarepsilonright10

Joint distribution

Outcome space is product of two spaces

OmegaOmega1timesOmega2
outcomes leftx1x1right e.g H T H T



From earlier OmegaleftHHHTTHTTright
pi3nicefrac14nicefrac1nicefrac14nicefrac14
pi4920nicefrac120nicefrac920nicefrac120
pi5nicefrac120nicefrac25nicefrac110

Marginal distributions

We call mu1 a X marginal of joint dot

pi on leftx1x2right if mu1 is the dist
after drawing leftx1x2rightsimpi forget x2

Ex x1 marginal according to

T
nicefrac12nicefrac12nicefrac12nicefrac12nicefrac12nicefrac12pi3RightarrowHpi4RightarrowH TTpi5RightarrowH



x2 Marshal according to

T
nicefrac12nicefrac110110pi3RightarrowHpi4RightarrowHpi5RightarrowH

nicefrac12910910 TT

We say leftx1x2rightsimpi are independent

if their marginals are mu1mu2

pileftx1x2rightmu1leftx1rightcdotmu2leftx2right
Q Which of pi3pi4pi5 have independence

Exercise HvarepsilonsubseteqOmega2x1 X2 independent

then mu1leftx1varepsilonrightmu1leftx1right
whatever happens to X2 doesn't affect x1



Puzzles

Q1 let leftx1x2rightpi
w marginals mu1 Me that are fair dice

leftmu1leftirightmu2leftirightnicefrac16right for ibeginmatrix123456endmatrix

How large small can Prleftx1x2right be

Q2 let x1 x2 be indep Cons

1t Twp
nicefrac12 each let varepsilon event

that at least one H What is

Prleftleftx1x2rightleftHHrightvarepsilonright



A2 Math way

Prleftleftx1x2rightleftHHrightvarepsilonright
fracpileftHHrightPrleftvarepsilonrightfracnicefrac14nicefrac34nicefrac13

Note X1X2
HTHH

Visual way notindep given 1
TTTH

Q3 Monty Hall Three doors

2 w gotx
1 w car

randomly Chosen

You choose a door Then host shows you a goat

Should you keep your door or switch



x3 Say you chose door 1 2,3 symmetric

let xinleft123right be where car is

R outcome space

let WsubseteqOmega be event win it switch

Observation Wleft23right
Proof if x1 any switch loses car

if xneq1 i world is like

host must
revest the
othergoat

2 3

Hence PrleftWrightfrac23 You should Switch



Expectation

let xsimpi have outcomes OmegasubsetmathbbR
We dethe its expectation averse

EleftXrightsum_xinOmegapileftxrightx
Ex let X be fair dice roll 6

sided

Eleftxrightfrac16cdotleft123456right35
Ex Let X be fair dice conditioned on even

Eleftxvarepsilonrightfrac13cdotleft246right4
X is even




